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This theorem is proved through introducing Eqs. (4) and
(13) into Eqs. (1-3) and singling out coefficients of e, which
give a set of linear equations, containing products of deriva-
tives to the functions 0TO. These products are removed by
introducing Eq. (10), which considerably simplifies the prob-
lem and leads to Eqs. (5-9), containing only time derivatives
of the products of dm.

In order to predict the convergence of the series (13), con-
sider the general heat flow problem:

(14)
(15)
(16)

,» + Q = pco$T/ty in V

,iVi + h0T + q = 0 on B

T = 0 at t = 0

If Q > 0 and q < 0 then from energy considerations T > 0
and the following theorem can be stated:

Theorem 2
Let T' be a solution to the heat flow problem Eqs. (14-16)

with Q' an arbitrary constant and q' = 0, let T" be the cor-
responding solution with Q" = 0 and q" an arbitrary con-
stant. If in Eqs. (14-16)

< q <

^ V ̂  VM

T

then at all times t > 0

(Qm/Q')Tf + (qM/q"}T'f <T< (QM/Q'}Tf

(17)

(18)

(19)

The theorem is proved through the introduction of the ficti-
tious temperatures

TM = (QM/Q')Tf + (qn/q")T" - T (20)

Tm = (QJQ'}Tf + (qM/q")T" - T (21)

into Eqs. (14-16). Using Eqs. (17) and (18) it follows that
TM > 0 and Tm < 0, which proves Eq. (19).

The theorem proved previously, giving bounds on the solu-
tion to the linear heat flow problem, can be used to predict the
magnitude of the function \f/m+i once \f/m has been solved from
Eqs. (5-7) and the corresponding heat flows Qm+\ and qm+i
from Eqs. (8) and (9).

Example
The theory outlined previously is applied to the problem of

finding the transient temperature field in a convectively heated
plate of inconel, having the following material properties, (6
= T - 273°K): p = 8250 kg/m3, k = 14.7 + 0.015 0W/
m°K, and c = 430 + 0.265 0Ws/kg°K. The ambient tem-
perature 6a and the heat-transfer coefficient h are taken as

da = 700°K and h = 190 + 0.029 0W/m2°C. The thickness
of the plate is taken to be d = 3 mm with no heat production
within it and no heat flux at the surface, i.e., Q = qr = 0.

The solution 00 for temperature-independent material
properties is derived first and introduced into Eqs. (8) and
(9) to give the intermediate heat flows Q\ and q\. After hav-
ing chosen bounds on these functions so that the relations (17)
and (18) are satisfied, the corresponding bounds on the func-
tion \f/i are obtained from Eq. (19) once ̂ / and \l/i" have been
solved from Eqs. (14-16). Lastly the function ^ itself is
derived from Eqs. (5-7) and a second approximation, w = 1,
of the temperature field obtained from Eqs. (10-13).

The calculations have been carried out for a chosen value of
e = 0.01 and with the following bounds on the heat flows:
Qm = 0, QM = Qly qm = ?1, and qM = -106(1 - e-™^).
The found time histories of the function \j/i and the tempera-
ture field in the middle of the plate are shown in Figs. (1) and
(2) below, the solutions of the linear differential equations
being taken from Ref. 5.
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A Simple Linear Approximation
for Perturbed Motion abont
Moderately Elliptic Orbits

ALAN M. SCHNEIDER* AND HOWARD M. KoBLEf
University of California at San Diego, La Jolla, Calif.

IN this Note, the linearized perturbation equations for a cir-
cular reference trajectory are applied to elliptic reference

trajectories of small eccentricity. The concept is appealing
because the closed form solution for the circular reference is so
much simpler than the solution for the elliptic case. A nu-
merical example indicates that the accuracy of the circular ref-
erence solution is more than adequate for many practical ap-
plications. An analysis is outlined to extend the results of
the numerical example.

The linear, constant-coefficient differential equations that
describe the perturbed motion of a body P relative to a refer-
ence body 0 in a circular orbit are well known.1"3 The solu-
tion to these equations, which for brevity will be called the
circular solution, is usually written in terms of coordinates in a
local vertical coordinate system centered at 0. The circular
solution, which contains sines and cosines and terms linear in
time, is simple enough to be calculated by hand. It has di-
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Fig. 1 Comparison of in-plane trajectory of perturbed
body in three candidate coordinate systems with circular

solution.

rect geometrical interpretation in terms of a point on an in-
terior or exterior radius of a rolling disc. This simplicity
makes the equations attractive for use in many applications.
In Ref. 3, for example, they form the basis for constructing a
manual guidance scheme for rendezvous, in which the non-
maneuvering target is the reference body and the interceptor
is the perturbed body. This Note extends their use by show-
ing that an interpretation of the coordinates exists for elliptic
reference orbits such that the circular solution adequately de-
fines the observed perturbation behavior. {

Three different coordinate systems were examined for ex-
pressing the small perturbations from the elliptic reference or-
bit. These were designated the local vertical (LVCS), the
constant orbital rate (CORCS), and the local tangent (LTCS)
coordinate systems. All three are right-handed Cartesian
systems centered at 0, where the y axis is out of plane, the
z axis is more or less in the outward radial direction, and the
x axis is more or less in the direction of motion. More pre-
cisely, in LVCS, the x axis is normal to the radius vector from
the force center to 0. In CORCS, x is initially parallel to the
x axis of LVCS, but then rotates at a constant rate relative to
inertial space, equal to the mean motion of the reference orbit.
In LTCS, the x axis is tangent to the reference orbit at 0.

The accuracy of the circular solution in describing the mo-
tion about an elliptic reference orbit was tested on the digital
computer. The simulation used exact equations of motion to
propagate the absolute position of both the reference and per-
turbed body. Test cases were selected spanning the space of
all trajectories inherent in the circular solution, in the sense
that they cover the full range of the in-plane shape parameter
r, defined by r = za/Zb where za and Zb are the extreme values
of 2,2 a being the one of smaller absolute value. The change in
semimajor axis da of the perturbed trajectory is linearly re-
lated to r by the formula Q.5zb(r + 1). Since the y motion
is the same in all three coordinate systems and since it is de-
coupled from the in-plane motion, only the in-plane or x-z
solution is germane.

Samples of the results are shown in Figs. 1-3. § Figure 1
shows the exact relative in-plane motion of the perturbed body
as seen in each of the three coordinate systems. In addition,
the circular solution appears for comparison. A value of 0.05
was used as the eccentricity of the reference orbit. One unit
is 0.001 nautical mile (nm), and Earth orbits having a 3700

J It should be pointed out that the linearized perturbation
equations of motion in an elliptic reference orbit have been solved
in closed form.4"6 However, the elliptic solution is more compli-
cated than the circular solution, and hence the applicability of the
latter is investigated.

§ Complete results appear in Ref. 7.

nm semimajor axis are assumed. Tick marks are placed on
the trajectories y1 -̂ of a reference orbit period apart.

First, it is seen that the circular solution very nearly
matches the exact solution in the LTCS. Second, it is noted
that the match is better for LTCS than for either LVCS or
CORCS. Although not apparent from the data presented
here, it was found that the deviation, for given conditions,
between the circular solution and the exact trajectory is linear
with eccentricity over the range of values tested.

The eccentricity error of the circular orbit equations in a
given coordinate system is defined as the value of relative posi-
tion (XjZ) Sit a given time computed from these equations,
minus the exact value of relative position. The eccentricity
error Ax and Az for the three coordinate systems is plotted vs.
time t in Figs. 2 and 3, respectively. In order to reduce second
order effects, a value of eccentricity equal to 0.01 was chosen
for these plots; all other conditions are the same as were used
for Fig. 1.

Examination of the complete set of these curves7 reveals
that for any value of r, the #-error at the end of an integral
number of orbit periods is nearly the same in all three coordi-
nate systems, but varies linearly from zero to a maximum as r
varies from — 1 to 1. Hence, the z-error is proportional to da.
In addition, while the z-error of LVCS and CORCS is finite,
one being roughly the negative of the other, the 2-error of
LTCS is essentially zero. The practical elimination of the
2-error is, in fact, the key to the improvement of LTCS over
the other two coordinate systems.

Straight lines on the x- and 2-error plots approximately
bound the errors. These lines are drawn from the origin
through the points [t = T, Ax or Az = ±e-x(T)] where T is
the period and e is the eccentricity of the reference orbit.
Thus, the error is bounded by a function that grows linearly
with time and is proportional to the reference orbit eccentric-
ity. These bounds do not pertain to Az in LTCS which is es-
sentially zero, as noted previously.

It was pointed out by a reviewer that the proportionality of
the error to e and da, the equality of the x- and 2-error bounds
and their linearity with time, the apparent cosine and sine
behavior in Figs. 2 and 3 respectively, and the essentially zero
magnitude of the 2-error in LTCS can be summarized in the
equations

LVCS Ax = -kt(dd)e cos/
Az — —kt(da)e sin/

LTCS Ax = -kt(da)e cos/

Az = 0

(1)
(2)

(3)

(4)

where / is the true anomaly. Furthermore, he outlined the
derivation of these equations and evaluated the constant k
from the following theoretical considerations. The primary
error in adapting the equations of circular motion to an orbit
that is slightly elliptical is caused by the secular terms in the
equations. It is appropriate to examine the full state transition

-O.I5L

Fig. 2 The eccentricity error of the circular reference
orbit solution in the three candidate coordinate systems:
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Fig. 3 Eccentricity error of the circular reference orbit
solution in the three candidate coordinate systems:

z axis.

matrix for an elliptic reference orbit to determine the effect of
a small value of eccentricity on these terms. The secular
terms are found to be linear in time and also linear in da/a.
In the local vertical coordinate system (LVCS) of this Note,
the secular terms in position variation are

x = -l.5Vxt(5a)/a

z = -1.5Vzt(5a)/a

(5)

(6)

where

Vx = /i(l + e cos/)A (7)

Vz = /*?( sin/) A (8)

In the local tangent coordinate system (LTCS) the corre-
sponding terms are

x = -I.5Vt(da)/a (9)

z = 0 (10)

where

V = 2ecos/ (11)

Vx and Vz are components of reference velocity along the x
and z axes, V is the reference velocity magnitude, /z is the grav-
itation parameter, and h is the angular momentum. To first
order in e, the secular errors due to neglecting e are then given
by Eqs. (1-4) with A; = l.&n/ha.

In summary, the circular orbit equations can be used to de-
scribe perturbed motion about a moderately elliptic reference
orbit if the relative position vector is expressed in a local tan-
gent coordinate system. The accuracy is probably more than
adequate for many applications including manual rendezvous
in earth orbit, up to an eccentricity of 0.05.
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Random Vibration Response of
Cantilever Plates Using the Finite

Element Method
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Nomenclature
E = Young's modulus, lbf/in.2

fn = nth generalized force, Ibf
f(x,y,t) = driving force, Ibf
H((a) = frequency transfer function, gr/lbf
mn = nth generalized mass, Ibf-sec2/in.
N = total number of data points used in spectral analysis
PSD = power spectral density
>Sa(o>) = acceleration spectral density, #2/cps
S/M = driving force spectral density, Ibf2/cps
T = total time length of signal segment used in spectral

analysis, sec
t = time, sec
{w} = n X 1 column matrix representing discretized plate

displacement
£n = nth modal damping ratio
&n = nth natural frequency
v = Poisson's ratio
{3>n} = n X 1 column matrix representing nth eigenvector
^n = nth phase angle
T = sampling period, sec

Introduction

ANALYSIS of structures subjected to random excitation
has become an important problem. With deterministic

excitation, an undamped model was usually sufficient to de-
scribe motion, but random signals have energy present in most

Fig. 1 Plate and coordinate system.
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